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The harmonious chromatic number of a graph G, denoted by h(G), is the least number of 
colon which can be assigned to the vertices of G such that adjacent vertices are colored 
differently and any two distinct edges have different color pairs. This is a slight variation of a 
definition given independently by Hopcroft and Krishnamoorthy and by Frank, Harary, and 
Plantholt. D. Johnson has shown that determining h(G) is an NP-complete problem. In this 
paper we give various other theorems on harmonious chromatic number and discuss various 
open questions. 
The harmonious chromatic number of a graph G, denoted by h(G), is the least 
number of colors which can be assigned to the vertices of G such that each vertex 
has exactly one color, adjacent vertices have different colors, and any two edges 
have different color pairs. Here a color pair for edge e is the set of colors on the 
vertices of e. This parameter was introduced by Miller and Pritikin [6]. It is, 
however, only a slight variation of the parameter h’(G) introduced independently 
by Frank, Harary, and Plantholt [l] and Hopcroft and Krishnamoorthy [2]. The 
definition of h’(G) is the same as h(G) except that adjacent vertices are not 
required to have different colors. Thus it is clear that h’(G) s h(G) for each 
graph G. 
Since the edges must have different color pairs it is apparent that if h(G) = h, 
then the binomial coefficient C(h, 2) 2 IE(G)j. Unless stated otherwise in this 
paper we let k be the smallest integer such that C(k, 2) 2 IE(G)I, where G is the 
graph currently under consideration. 
Finding the harmonious chromatic number of a graph is apparently quite 
difficult. In an appendix to [2] David S. Johnson gives an elegant proof that 
determining h(G) (or h’(G)) is NP-complete. However, the harmonious chroma- 
tic number of Pn, the path with rt vertices has been determined. 
Theorem1 [5]. Ifkisoddorifkisevenandn-l=C(k,2)-j, j=(k-2)/2, 
k/2 J...9 k - 2, then h (P,) = k. Otherwise, h( P,) = k + 1. 
An obvious next problem is to find the harmonious chromatic number of trees. 
In fact one might guess that for any tree T, h(T) is close to k. We show that this 
is not true, rather a tree T of order p can have h(T) be any value between k and 
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p inclusive. Before formally stating this fact as a theorem we state an obvious 
proposition and prove a lemma. 
Proposition 2. For every graph G h(G) 2 D(G) + 1, where D(G) denotes the 
maximum degree of G. 
Lemma 3. Let k be the least integer such that C(k, 2) > p - 1. Then C(k - 1,2) 2 
p - k, and k - 1 k the smallest integer t such that C(t, 2) ~=p - k unless 
C(k - 1,2) = p - 2. In that case k - 2 is the smallest such t. 
Proof. Since k(k - 1)/2 ap - 1, we have k(k - 1)/2 - (k - 1) s (p - 1) - (k - 1) 
and thtts C(k - 1,2) ap - k. 
Note that p and k are fixed integers, and we suppose that k - 1 is not the 
smallest integer t such that C(t, 2) ap - k. Thus C(k - 2,2) up - k. However, 
from our choice of k we have that p - l>C(k-2,2)+(k-2)>(p-k)+(k- 
2). Thus p-l>C(k-1,2)ap-2. It follows that C(k-1,2)=p-2, and 
furthermore C(k - 2,2) = C(k - 1,2) - (k - 2) = (p - 2) - (k - 2) =p - k, which 
completes the proof of the lemma. Cl 
Theorem 4. Let k be the least integer such that C(k, 2) >p - 1. Then for each 
t, k 6 t s p, there is a tree T of order p such that h(T) = t. 
Proof. Let T be the tree of order p which consists of a path 
UO, v&-l, vk, l l . 9 VP-~* v-n-1 together with vertices q, u2, u3, . . . , v&_Z each of 
which is adjacent to v o. We note that by Proposition 2, h(T) 2 k. Now for each i, 
0 < i < k - 1, color Vi with i. Since k is the least integer such that C(k, 2) ap - 1 
we have, by Lemma 3, that k - 1 is the least integer such that C(k - 1,2) >p - k 
unless C(k - 1,2) =p - 2. 
The subgraph T’ of T induced by ++ ?&, . . . , up-l is &__k+l. According to 
Theorem 1 and Lemma 3, h(T’) = k - 2 or k - 1 or k. If h(T’) s k - 1, then we 
color T’ with colors 1,2, . . . , k - 1, where r&__1 receives color k - 1. It follows 
that h(T)= k. Similarly if h(T’)= k, then we obtain h(T) = k + 1. Now by 
removing the vertex farthest from v. and joining it to ‘u. we successively create 
trees with harmonious chromatic number k + I, k + 2, . . . , p. The proof is thus 
complete except when h(T’) = h(Pp_k+l) = k, we have not constructed a tree T” 
of order p with h( T”) = k. In this case k - 1 was the least integer t such that 
C(t, 2) ap - k. From Theorem 1 we have that k - 1 is even and thus k is odd. 
Hence h(P,) = k and for each t, k s t sp, we have constructed a tree q with 
h(T,)=k. 0 
Coroihry 5. Let p S q s C(p, 2). Let k be the least integer such that C(k, 2) 2 q. 
Then for any t, k s t up there exists a graph G with p vertices and q edges such 
that h(G) = t. 
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Proof. Let T be the tree of order p given in the theorem such that h(T) = t. NOW 
C(t, 2) 3 C(k, 2) 2 q and thus C(t, 2) - (p - 1) 2 q - (p - 1). That is the number 
of pairs of non-adjacent colors is at least q -p + 1, which is the number of edges 
we need to add to T to form a graph with q edges. Hence we can insert q -p + 1 
edges joining non-adjacent colors of T. The resulting graph G has p vertices, q 
edges, and h(G) = t. Cl 
We now determine the harmonious chromatic number of 2-regular graphs with 
at most 2 components. 
Theorem 6. Let r + s =p where 3 G r s s, and k be the least integer such that 
C(k, 2) ap. If k is odd and p f: C(k, 2) - i, i = 1,2, then h(C,) = h(C, U C’) = k. 
If k is even andp # C(k, 2) - i, i = 0, 1, . . . , k/2 - 1, then h(C,) = h(C, u C,) = k. 
Otherwise, h(C,) = h(C, U C,) = k + 1. 
Proof. Suppose that CP can be harmoniously colored with 1,2, . . . , t. Then that 
coloring generates an Eulerian circuit which is a subgraph with p edges of k,. 
Conversely if KI has as Eulerian subgraph H with p edges, then any Eulerian 
circuit with these p edges corresponds to a t-coloring of Cp. We use these 
observations to first show that the appropriate k or k + 1 is the value of h(C,). 
Case i. k is odd. If p = C(k, 2), then Kk, which I will call El, is the required 
Eulerian subgraph. If p = C(k, 2) - i, i = 3,4, . . . , k - 2, then the required 
Eulerian graph, denoted EZ, is Kk - Cl. If p = C(k, 2) - i, i = 1 or 2, then Kk has 
no Eulerian subgraph with p edges. Then we consider subgraphs E3 and E4 of 
K k+l. Let E3 be the graph formed by removing the edges of a Ps from Kk and 
joining its endvertices to a vertex u which is not in &. So E3 is an Eulerian 
subgraph of K k+l with exactly C(k, 2) - 1 edges. Thus h(C,J = k + 1 when 
p = C(k, 2) - 1. Similarly if p = C(k, 2) - 2, we see that h(C,,) = k + 1 by forming 
E4 by removing the edges of PS from Kk and joining the endvertices to a new 
vertex u. 
Case ii. k is even. In this case Kk has all vertices of odd degree, so the removal 
of i lines i = 0, 1, . . . , (k/2) - 1, cannot result in an Eulerian graph. Thus if 
p=C(k,2)-i, i=O, 1,. . . , (k/2) - 1, h(C,) ak + 1. In order to see that 
equality holds, consider the Eulerian graph Kk+l. Let t = C(k + 1,2) - p. Now if 
ts k + 1, remove C, from Kk+I. If t > k + 1, remove t edges which form two 
edge-disjoint cycles using all k + 1 vertices of JK k+l. In either case the result is an 
Eulerian graph, which we call ES, so that h( Cp) = k + 1. 
If p = C(k, 2) - i, i = k/2, . . . , k - 2, then let i = (k/2) t t. We remove i edges 
from Kk as follows. Remove the edges of the complete bipartite graph K1,2t+l 
together with (k/2) - t - 1 independent edges which are also independent from 
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the edges of &,&+I. Thus (k/2) - t - 1 + 2t + 1 = (k/2) + t = i edges have been 
removed from & creating an Eulerian subgraph E6 with C(k, 2) - i edges. It 
follows that h (CJ = k. 
We now use the various Eulerian graphs El described above to show 
h(C,U C’) = h(C,+,). First WF, observe that it is routine to verify that h(C, U 
C’) = h (C,+,) for k s 8. Thus assume k > 8. In each Ei, a maximum degree 
vertex u. is non-adjacent to at most 2 other vertices. Find an Eulerian subgraph 
H consisting of r edges of El - uo. Then consider the graph & consisting of all of 
Ei - H except its isolated vertices. Then H1 is Eulerian with s edges. Hence 
h(C, u C,) = h(C,+,), and the theorem is proved. Cl 
It is obvious that the proof technique used above can be used to show that 
many graphs which are the union of vertex disjoint cycles have harmonious 
chromatic number k or k + 1. It is simply necessary to show that the appropriate 
Ei can be partitioned into appropriate Eulerian subgraphs. A number of 
researchers have investigated the partitioning of E(K,+,) into s edge disjoint 
copies of C,. It follows, for example, that whenever such a partition exists then 
the graph which consists of s vertex disjoint copies of C,, has harmonious 
chromatic number k = 2t + 1. The most recent work in partitioning complete 
graphs into cycles is by Jackson [3]. In that paper it is shown that if 2t + 1 = qr 
where 4 and r are odd or t = qr, then E(K,+,) can be partitioned into disjoint 
copies of Cr. These results improve earlier results due to Kotzig [4] and Rosa [7]. 
We now give another easy lower bound for h(G), where G is regular. 
Proposition 7. Let h(G) = h where G is r-regular of order p. Then h 2 
[p/hlr + 1. 
Proof. Harmoniously color G with h colors. Now the average color class size is 
p/h, so one color class has size at least [p/h]. But that color occurs on [p/h] 
vertices each of degree r. Thus that color is adjacent with at least [p/hlr other 
colors, and the total number of colors h 2 [p/hlr + 1. Cl 
Corollary 8. Let G be r-regular, k be the least integer such that C(k, 2) > 1 E(G) I, 
and h be the least integer such that h 3 [lV(G)[/hlr + 1. Then h(G) > max(h, k}. 
In [6] Miller and Pritikin showed that if B, is the complete binary tree on n 
levels, then h(B,J = 0(2”‘2). Later, in [5] Lee and Mitchem proved Theorem 9, 
which trivially implies that h(B,J = 0(2”‘2). 
eorem 9. [4]. For any graph G, h(G) s (B’ i 1) [Gl. 
We give a significantly more efficient coloring of B,, in the two theorems below. 
Before proving the theorems, we state the following easily verified lemma. 
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Lemma 10. Let k be the least integer such that C(k, 2) 3 1 E( Ba+*)l, where r a 2, 
then k = 2’+’ + 1. 
Theorem 11. For each r 2 5, h(B,+,) s 2(‘+l) + 2(f-4) + (r - 2) = k + 2(r-4) + 
(r - 3) where k is the smallest integer such thut C(k, 2) > JE(B2r+l)l. 
Proof. We first color B,, use that coloring to color B,, and use B9 to show how to 
color B2r+3 given a coloring of B2r+l, r 2 4. Color B, with 24 + 3 colors as shown 
in Fig. 1. The colors of the form Ci are called special colors. Note that the root is 
colored with special color C, and no two special colors Ci and Ci are adjacent. 
We now construct l& with a coloring with 2’ + 4 colors. Take two copies, H1 
and H,, of &. Color H1 as shown in Fig. 1. For each vertex of H1 colored with a 
number n we color the analogous vertex of Hz with n + 24. Furthermore, in I& 
interchange the use of colors C, and C, from H1. Now construct Bg by adding a 
root v adjacent to the roots of HI and Hz, and color r~ with C4. Also join 2 new 
vertices to each endvertex of H1 U Hz. Now the endvertices of B9 which are 
adjacent to vertices of Hi will be colored with 17, . . . ,32 and the other 
endvertices will be colored with 1, . . . ,16. Specifically assign colors 17, . . . ,24 to 
the 8 endvertices adjacent to the vertices of each color i, 1 G i s 8 in H1. Also 
assign colors 25,26, . . . ,32 to the 8 endvertices adjacent to each color j, 
9 G j G 16. Similarly use colors 1, . . . ,8 on the 8 endvertices adjacent to each i, 
25 G i s 32, in Hz and colors 9, . . . ,16 on the endvertices adjacent to each i, 
17 G i s 24. Thus we have a proper coloring of Bg with 2’ + 4 colors. 
In general suppose we have a coloring of B2r+l with 2’ + 4 colors if r = 4, and 
2++1) +2(‘-4) + (r - 2) colors if r - =r 5. We now color B2r+3. L& Z-f1 and Z& be 
copies of B2,+l. Color H1 as Bzr+l was originally colored. If vertex v of H1 is 
colored with number n, color the corresponding vertex of Hz with color n + 2’+‘. 
The vertices on the top level of this tree are labeled consecutively: 
1 2341 23412341234567856785678 5 6 7 8 9 10 11 12 9 10 
11 12 9 lo 11 12 ‘3 lo 11 12 13 14 15 16 13 14 15 16 13 14 15 16 13 14 15 16 
5 6 6 5 7 8 8 7 3 10 10 3 11 12 12 11 13 14 14 13 15 16 16 15 1 2 2 1 3 4 4 3 
v\/vvvvvv v 
13 14 15 16 ~2 35 a/ ~ y “6 
v vvvvv 
Q6 llQ2 ‘v’” 
Fig. 1. Binary tree &. 
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If a vertex of H1 is colored with Cj let the corresponding vertex of Hz also have 
color Cj. NOW form &+3 from IfI and Hz, a new vertex which is adjacent to the 
two roots of HI and Hz, and 22r+2 new endvertices such that 2 are adjacent to 
each endvertex of H1 U If--= 
We now color the endvertices of B2r+3. Note that the endvertices of H1 are 
colored with 1,2, . . . ,2’+’ and the endvertices of H2 with 2’+’ + 1, . . . , 2’+2. 
Furthermore each color is used exactly 2’-’ tkles on the endvertices of H1 U H2. 
Assign colors 2’+’ + 1, . . . ,2’+’ + 2’ to the 2’ endvertices adjacent to each color 
i, 1 G i < 2’ in Hl. Also assign colors 2’+’ + 2’ + 1, . . . , 2r+2 to the 2’ endvertices 
adjacent to each of the colors i, 2’ + 1 s i s 2’+’ in H1. Similarly use colors 
1 
and 
l l 9 2’ on the 2’ endvertices adjacent to each color i, 2’+’ + 2’ + 1s i G 2r+2, 
use colors 2’+1,.. . ,2’+l on the endvertices adjacent to each color i, 
2’+‘+1<i<2’+‘+2’. 
Finally we color the root v of B 2r+3 and recolor certain vertices of H2. If r = 4, 
then change the +zolor of the root of H2 to C, and use 26 on V. Then 
h(B,,) = h(&+,) s 26 + 5 = 2r+2 + 2r-3 + (r - 1). If r 2 5, then corrresponding 
vertices on level r - 3 of Hl and H2 have the same special colors and are adjacent 
to the same special colors on level r - 2. Use 2r-4 new special colors on these r-4 
vertices on level r - 3 of H2. Now if the roots of Hz and H2 are colored with 
numbers we color v with yet another new special color. If the roots of H1 and H2 
are colored with a special color, then recolor the root of H2 with another new 
special color and color v with the number 2r+2 - (r - 5). Now we have used 2r+2 
numbers and 2r-4 + 2r-4 + (r - 2) + 1 = 2r-3 + (r - 1) special colors on &+3. 
We now check that the assignment of 2”* + 2r-3 + (r - 1) colors to Bzr+3 is 
harmonious. By inductive asslrmption the coloring of Hl is harmonious, and it 
follows that the coloring of H2 is also. Now HI U H2 is harmoniously colored 
because the numbers used in H2 are not used in HI and the only time special 
colors are adjacent ir, HI we have introduced new special colors in H2. 
Furthermore, it is clear that we have harmoniously colored the root and the 
endvertices of B;, +3. Thus the theorem is proved. El 
Theorem 12. For r > 6, h(B,,) 6 3(2’-‘) + 2’-’ + (r - 3). 
roof. Color B2r-1 with 2’ + 2’-’ + (r - 3) colors as in Theorem 11. Now the 
22r-2 endvertices of Bzr _-1 are colored with 2’ colors, each occurring y-2 times. 
Join two new vertices to each endvertex. For each color i on level 2r - 1 color 
one of its level 2r neighbors with each of the colors 2’ + 1, . . . ,2’ + 2-l. Thus we 
have h(B,,) s 2’ + 2’-’ + (r - 3) + 2’-l= 3(2’-‘) + 2’-’ -k (r - 3). Cl 
Although the determination of h(T) when T is a complete n-ary tree with t 
levels is apparently difficult we have found the exact value of h(T) when T has 
t = 3 levels. 
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Theorem 13. Let T be a complete n-ary tree on 3 ZeveS. Then h(T) = [3(n + 
Q/2] l 
Proof. Color the root v with ri and its neighbors vl, . . . , t.r, with 1, . . . , n 
respectively. Let t = [(n - 1)/2]. FOP each level 2 vertex color n - t of its level 3 
neighbors with color n + 1, n + 2, . . . ) n + (n - t) respectively. Then color the 
remaining neighbors of vi with i + 1, i + 2, . . . , j + t (mod n). Now color j, 
l<jsn is adjacent to colors A, n+l,...,2n-t and colors i+l, j- 
1 , j + t, j - t (mod n). Ji follows that we have a 2n + 1 - t = [3(n + 1)/21 
hH”‘onious coloring of T. 
We show now that there is no harmonious coloring of T with fewer colors. The 
color A, used on the root v, cannot be used on any other vertex of T. There are 
n2 edges which are not incident with v. At mqst C(n, 2) of these edges can join 
vertices colored 1, . . . , n. Thus at least n2 - C(n, 2) = n(n + 1)/2 of the edges 
must have its level 3 vertex colored with a new color. Hence there must be a level 
2 vertex which is adjacent to at least [(n + 1)21 new colors and h(T) 3 
n + 1 + [(n + 1)/2] = [3(n + Q/21 l 0 
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